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I. Introduction

T HE tethered subsatellite system1¡5 (TSS) mission requires
three phases: deployment, station keeping, and retrieval. Let

us focus on the analysis of the nonlinear dynamics for the TSS in
the station keeping phase, where tether is assumed to have con-
stant natural length. Even in the station keeping phase, TSS mo-
tion shows highly nonlinear behavior taking into account complex
effects caused by such perturbation parameters as the orbit eccen-
tricity and the tether elasticity. Nonlinear dynamics is investigated
in the literature6¡11 because the dynamics is not easily analyzed
and exhibits interesting behavior such as chaos. Nonlinear analysis
tools are employed in this study, such as Poincaré maps, bifurcation
diagrams, and Lyapunov exponents, and show periodic, quasiperi-
odic, and chaotic motion, depending on each system parameter.
Kanasopoulosand Richardson6;7 investigatedthe nonlinear dynam-
ics of a gravity-gradient satellite, and Nixon and Misra8 did so for
the TSS with a rigid tether. Our objective is not just an application
of the nonlinear analysisbut to point out the importance of the non-
linear analysis of TSS by taking into account the complex effects of
its system parameters.

II. Equations of Motion
The TSS model treated in this paper is a gravity-gradienttethered

subsatellite in an elliptical orbit. Eccentricity and the longitudinal
rigidity of tether are chosen for the system parameters. Energy dis-
sipation such as the aerodynamic effect will be ignored in this sys-
tem. The dynamicalmodel is simpli� ed by employing the following
assumptions.

1) The Shuttle and subsatellite are point masses.
2) The center of mass of the system coincides with that of the

Shuttle.
3) Tether length is suf� ciently smaller than the distance between

the Shuttle and the center of the Earth.
4) The tether is approximately regarded as a linear spring whose

natural length is 100 km, and its mass is negligible.
The equations of motion for TSS for two cases are described as

follows.
1) The � rst case is that of a circular orbit, and the tether has no

elasticity:

Rµ D ¡ 3
2 sin.2µ / (1)

2) The second case is that of an elliptical orbit,12 and the tether
has elasticity4 in the pitch rotation direction,

l.1 C e cos ´/ Rµ ¡ 2el. Pµ C 1/ sin ´

C 3
2
l sin 2µ C 2.1 C e cos´/. Pµ C 1/Pl D 0 (2)
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and in the tether length direction,

.1 C e cos´/Rl ¡ 2e sin ´Pl ¡ l.1 C e cos ´/.2 C Pµ/ Pµ

¡ 3l.1 C e cos ´/ cos2 µ C .T=m/.R3=¹/ D 0 (3)

l; µ; l0; m; a; e; ¹, and E A denote tether length,pitch rotation,natu-
ral length of tether, mass of subsatellite,semimajor radius (which is
constant at 6600 km in this case), eccentricityof orbit, gravitational
constant, and the longitudinal rigidity of tether, respectively. The
tension of the tether T and the orbit radius R are de� ned as
T D E A.l ¡ l0/=l0 and R D a.1 ¡ e2/=.1 C e cos´/, respec-
tively, where ´ denotes true anomaly and indicates the independent
variable.

III. Chaos
Chaos is introduced here to recognize the employed nonlinear

analysis.Chaotic motion means that the behaviorof the system can
be predicted for the short term but cannot for all of the time, and
the motion is regarded as chaotic if it simultaneously satis� es the
following two properties11: sensitive dependenceon the initial con-
ditions and topologicaltransition.When the equationsof motion are
nonlinear and do not have analytical solutions, the motion becomes
chaotic over some range of the initial conditionsor system parame-
ters. Concerning TSS, two system parameters, eccentricity and the
longitudinal rigidity of tether, can affect the nonlinear dynamics
through the coef� cients of nonlinear terms. Therefore, chaotic mo-
tion may occur in the situationby takingeitherof them into account,
as in Eqs. (2) and (3). On the other hand, chaotic motion never oc-
curs in the situation without taking both of them into account, as in
Eq. (1).

IV. Poincaré Maps
A Poincaré map is a collection of discrete plots created by in-

tegrating the equations of motion and periodically sampling the
following particular points in the trajectory6;7;10:

µn D µ.´n/ (4)

Pµn D Pµ.´n/ (5)

where ´n D ´0 C n1´ .n D 0; 1; 2; : : : ; N / and n is the number
of orbits. Here, Poincaré maps are drawn by gathering these points
until N D 100 once per orbit, where the subsatellitepasses through
perigeewith many initial conditions.On the Poincaré map, periodic
motion is shown as one or more � xed points, quasiperiodicmotion
as a closed curve if a suf� cient number of points are plotted, and
chaotic motion as a scattering of points.

A Poincaré map in the rigid-body tether system with constant
eccentricity, e D 0:0, is shown in Fig. 1. The origin and .µ; Pµ/ D
.§¼; 0/ are stable equilibriums, and .µ; Pµ/ D .§¼=2; 0/ are unsta-
ble equilibriums. In the stable equilibriums, the motion of the TSS
has one period in a synchronousorbit and the tether directs toward
the local vertical direction. In the unstable equilibriums, at a dis-
tance ¼=2 rad from stable equilibriums, the tether directs along the
local horizontal. The TSS motion is separated into two parts by a
separatrixpassing throughunstableequilibriums, that is, the motion
is libration inside the separatrixand tumbling outside the separatrix.
Perturbing at eccentricity,e D 0:05 as in Fig. 2, chaos occurs in the
neighborhoodof the unstable equilibriums.

V. Bifurcation Diagrams
A bifurcationdiagram is constitutedby sampling points of µ.´n/

in the trajectory, correspondingwith Eq. (4) in the same way as for
the Poincaré maps, and is plotted with respect to eccentricity for a
stable equilibrium point.

Bifurcation diagrams are shown in Figs. 3 and 4 for the case
of the rigid-body tether system and the elastic tether system for
E A D 104 N, respectively. These diagrams clarify the process that
a stable equilibrium,whose period is one per one orbit at the initial
state, bifurcates to different equilibriumswhose periods are not one
per one orbit. The motion of period 3 appears at e D 0:25 and 0.20,
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Fig. 1 Poincaré map for e = 0.0.

Fig. 2 Poincaré map for e = 0.05.

Fig. 3 Bifurcation diagram with respect to eccentricity.
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Fig. 4 Bifurcation diagram with respect to eccentricity at EA = 104 N.

Fig. 5 Maximum Lyapunov exponents with respect to the longitudinal rigidity of tether at e = 0.01.

and chaoticmotion appearsat e > 0:31 and 0.28, as shown in Figs. 3
and 4, respectively.

VI. Lyapunov Exponents
Lyapunov exponents indicate the average of exponential diver-

gence or convergence of the nearby orbits in the n-dimensional
phase space. Hence, Pi .0/ denotes the i th radius of the n sphere for
the initial state and Pi .t/ is the radius of the n ellipsoid deformed
by nature of the � ow after a long-term evolution.The i th Lyapunov
exponents are de� ned as follows9:

¸i D lim
t!1

.1=t/ log2[Pi .t/=Pi .0/] (6)

where ¸i is ordered from largest to smallest in its value.
It is evident from Eq. (6) that ¸i D 0 for Pi .0/ D Pi .t/, ¸i < 0

for Pi .0/ > Pi .t/, and ¸i > 0 for Pi .0/ < Pi .t/, which lead to
the observation that Lyapunov exponents equal to or less than zero
result in regular motion and those larger than zero result in chaotic

motion.As the positivemaximumLyapunovexponentsincrease, the
motion becomes more chaotic. A stable equilibriumpoint is chosen
for the initial condition.

A variation of the maximum Lyapunov exponents is shown in
Fig. 5 with constant eccentricity at e D 0:01 with respect to
the variation of the longitudinal rigidity of the tether. The max-
imum Lyapunov exponents decrease as the longitudinal rigidity
of the tether increases; that is, the motion becomes more peri-
odic in proportion to the increase of the longitudinal rigidity of
the tether. The maximum Lyapunovexponentssuddenlydecreaseat
E A D 103:05 N, which is the border where the motion becomes less
chaotic.

A variation of the maximum Lyapunov exponents is shown in
Fig. 6 with the constant longitudinal rigidity of the tether at E A D
104 N with respect to the variation of the eccentricity. The motion
generally becomes more chaotic in proportion to the increase of
the eccentricity, and the maximum Lyapunov exponents suddenly
increase at e D 0:27.
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Fig. 6 Maximum Lyapunov exponents with respect to eccentricity at EA = 104 N.

VII. Conclusion
The nonlinear dynamics of the TSS with constant natural length

of tether is analyzed by taking into account the complex effects of
two system parameters, the orbital eccentricityof the Shuttle and the
longitudinal rigidity of the tether. Taking one of them into account
for consideration, the motion of TSS becomes chaotic depending
on the system parameters and the initial conditions.

Poincaré maps, bifurcation diagrams, and Lyapunov exponents
are used to analyze the nonlinear dynamics of the TSS. Poincaré
maps show the global motion of the system for many initial condi-
tions.We have focusedespeciallyon the dynamicsaround the stable
equilibrium point by using two other nonlinear analysis tools, bi-
furcation diagrams and Lyapunov exponents: the � rst shows the
process of transition from regular to chaotic motion perturbed at
eccentricity, and the second reveals the chaotic degree perturbed at
each of the system parameters.

Emergence of the chaotic motion can be avoided by selecting
eccentricity and the longitudinal rigidity of the tether based on the
results of the present study, and these analytical results would be
useful for the operationalmission of the TSS.
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